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Abstract. We find the characterization of maximum dimensional proper-bihar- 
monic integral C-parallel submanifolds of a Sasakian space form and then classify 
such submanifolds in a 7-dimensional Sasakian space form. Working in the sphere 
S 7 we explicitly find all 3-dimensional proper-biharmonic integral C-parallel sub- 
manifolds. We also determine the proper-biharmonic parallel Lagrangian sub- 
manifolds of CP 3 . 



(N 



^ , 1. Introduction 

Q ■ Although, according to its age, the study of biharmonic maps could be considered 

a rather old problem, in fact the literature on this subject experienced an intensive 
growth in the last decade. 

Suggested in 1964, by Eells and Sampson in their famous paper [IT], as a nat- 
ural generalization of harmonic maps ip : (M, g) — > (N, h) between Riemannian 
manifolds, which are critical points of the energy functional 



(N 
> 

CN ■ the biharmonic maps are critical points of the bienergy functional 

m 

|2 



1 Jm 



= \ [ KVOI 5 

1 Jm 



v 



9i 



s * . where r(ip) = trace Vd^ is the tension field that vanishes for harmonic maps. The 

Euler-Lagrange equation for the bienergy functional was derived by Jiang in 1986 
(see [25]): 

T 2 (ip) = -At(V>) - trace R N (dip, t(^))# 

where T2{ip) is the bitension field of tp. Since any harmonic map is biharmonic, we are 
interested in non-harmonic biharmonic maps, which are called proper-biharmonic. 

An important case of biharmonic maps is represented by the biharmonic Rie- 
mannian immersions, or biharmonic submanifolds, i.e. submanifolds for which the 
inclusion map is biharmonic. In Euclidean spaces the biharmonic submanifolds are 
the same as those defined by Chen in [13J, as they are characterized by the equation 
AH = 0, where H is the mean curvature vector field and A is the rough Laplacian. 

Pursuing the founding of proper-biharmonic submanifolds in Riemannian man- 
ifolds the attention was first focused on space forms, and classification results in 
this context were obtained, for example, in [8j [TT] \T3[ I16j . More recently such re- 
sults were also found in spaces of non-constant sectional curvature (see, for example, 

[El [22 El El EI]). 
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A different and active research direction is the study of proper-biharmonic sub- 
manifolds in pseudo-Riemannian manifolds (see, for example, [2~j [3"1 [14]). 

During the efforts of studying the biharmonic submanifolds in space forms, the 
Euclidean spheres proved to be a very giving environment for obtaining examples 
and classification results (see [7] for detailed proofs). Then, the fact that odd- 
dimensional spheres can be thought as a class of Sasakian space forms (which do 
not have constant sectional curvature, in general) led to the idea that the next step 
would be the study of biharmonic submanifolds in Sasakian space forms. Follow- 
ing this direction, in [24] were classified the proper-biharmonic Legendre curves and 
Hopf cylinders in a 3-dimensional Sasakian space form, whilst in [19] their para- 
metric equations were found. In [20] all proper-biharmonic Legendre curves in any 
dimensional Sasakian space forms were classified, and it was provided a method to 
obtain proper-biharmonic anti-invariant submanifolds from proper-biharmonic inte- 
gral submanifolds. Also, classification results for proper-biharmonic hypersurfaces 
were obtained in [21 j . 

The goals of our paper are to characterize the maximum dimensional proper- 
biharmonic integral, and integral C-parallel, submanifolds in a Sasakian space form, 
and then to use these results in order to obtain the 3-dimensional proper-biharmonic 
integral C-parallel submanifolds of a 7-dimensional Sasakian space form. The paper 
is organized as follows. In Section 2 we briefly recall some general facts on Sasakian 
space forms with a special emphasis on the notion of integral C-parallel submani- 
folds, and also present some old and new results concerning the proper-biharmonic 
submanifolds in odd-dimensional spheres. Section 3 is devoted to the study of the 
biharmonicity of maximum dimensional integral submanifolds in a Sasakian space 
form. We obtain the necessary and sufficient conditions for such a submanifold to be 
biharmonic, prove some non-existence results and find the characterization of proper- 
biharmonic integral C-parallel submanifolds of maximum dimension. In Section 4 
we classify all 3-dimensional proper-biharmonic integral C-parallel submanifolds in 
a 7-dimensional Sasakian space form, whilst in Section 5 we find these submani- 
folds in the 7-sphere endowed with its canonical and deformed Sasakian structures 
introduced by Tanno in [30]. In the last section we classify the proper-biharmonic 
parallel Lagrangian submanifolds of CP 3 by determining their horizontal lifts, with 
respect to the Hopf fibration, in § 7 (1). 

For a general account of biharmonic maps see [26] and The Bibliography of Bi- 
harmonic Maps [32]. 

Conventions. We work in the C°° category, that means manifolds, metrics, con- 
nections and maps are smooth. The Lie algebra of the vector fields on M is denoted 
by C{TM). The manifold M is always assumed to be connected. 
Acknowledgements. The authors wish to thank Professor David Blair for useful 
comments and constant encouragement, and Professor Harold Rosenberg for helpful 
discussions. 



2. Preliminaries 

2.1. Integral C-parallel submanifolds of a Sasakian manifold. A contact met- 
ric structure on an odd-dimensional manifold N 2n+1 is given by (<p,£,r},g), where 
ip is a tensor field of type (1,1) on N, £ is a vector field, rj is a 1-form and g is a 
Riemannian metric such that 
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and 

g(<pU,<pV)=g(U,V)-r ] (U)r,(V), g(U,cpV) = dr](U,V), VU,V G C(TN). 
A contact metric structure (ip, £, rj, g) is called normal if 

N v + 2dr]®£ = 0, 

where 

N V (U, V) = [<pU, tpV] - <p[<pU, V] - <p[U, <pV] + p 2 [U, V], VU, V G C(TN), 

is the Nijenhuis tensor field of <p. 

A contact metric manifold (N,<p,£,r), g) is regular if for any point p £ N there 
exists a cubic neighborhood such that any integral curve of £ passes through it at 
most once; and it is strictly regular if all integral curves of £ are homeomorphic to 
each other. 

A contact metric manifold (N, (p, £, rj, g) is a Sasakian manifold if it is normal or, 
equivalently, if 

(V$<p)(V) = g(U, V)£ - v(V)U, VU, V G C{TN), 

where V N is the Levi-Civita connection on (N,g). We shall often use in our paper 
the formula = —<pU, which holds on a Sasakian manifold. 
Let (N,ip,£,r],g) be a Sasakian manifold. The sectional curvature of a 2-plane 
generated by U and <pU, where U is a unit vector orthogonal to £, is called tp- 
sectional curvature determined by U. A Sasakian manifold with constant (^-sectional 
curvature c is called a Sasakian space form and is denoted by N(c). The curvature 
tensor field of a Sasakian space form N(c) is given by 

R N (U, V)W = c -^{g{W, V)U - g(W, U)V] + ^{v(W) V (U)V 
- V (W) V (V)U + g(W, U) V (V)Z - g(W, V) V (U^ 



+g{W, (pV)ipU - g{W, <pU)<pV + 2g(U, cpV)ipW}. 

The classification of the complete, simply connected Sasakian space forms N(c) was 
given in [30]. Thus, if c = 1 then N(l) is isometric to the unit sphere S 2n+1 endowed 
with its canonical Sasakian structure and if c > —3 then iV(c) is isometric to § 2n+1 
endowed with the deformed Sasakian structure introduced by Tanno in [30], which 
we present below. 

Let S 2n+1 = {z G C™ +1 : \z\ = 1} be the unit (2n + l)-dimensional Euclidean 
sphere. Consider the following structure tensor fields on S 2n+1 : £o = —Jz, for each 
z G S 2n+1 , where J is the usual complex structure on C n+1 defined by 

Jz=(-y 1 ,...,-y n+1 ,x 1 ,...,x n+1 ), 

for z = (x 1 ,...,x n+1 ,y 1 ,...,y n+1 ), and cp = s o J, where s : T z C n+1 -> T z S 2n+1 
denotes the orthogonal projection. Equipped with these tensors and the standard 
metric <7o> the sphere S 2n+1 becomes a Sasakian space form with (/?o-sectional cur- 
vature equal to 1, denoted by § 2n+1 (l). 
Now, consider the deformed Sasakian structure on S 2n+1 , 

1 

rj = ar]o, f = -£ = <p , g = ago + a(a - 1)770 <8> 770, 
a 

where a is a positive constant. The structure (y, £, r],g) is still a Sasakian structure 
and (S 2n+1 , ip, £, 77, g) is a Sasakian space form with constant (/^-sectional curvature 
c = I - 3 > -3, denoted by § 2n+1 (c) (see also [ID]). 
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A submanifold M m of a Sasakian manifold (N 2n+1 ,ip,!;,r],g) is called an integral 
submanifold if rj(X) = for any vector field X tangent to M. We have (p(TM) C 
NM and m < n, where TM and NM are the tangent bundle and the normal bundle 
of M, respectively. Moreover, for m = n, one gets ip(NM) = TM. If we denote by 
B the second fundamental form of M then, by a straightforward computation, one 
obtains the following relation 

g(<pZ,B(X,Y)) =g(<pY,B(X,Z)), 

for any vector fields X, Y and Z tangent to M (see also [6j ) . We also note that 
= 0, where A is the shape operator of M (see [TOj). 

A submanifold M of N is said to be anti-invariant if it is tangent to £ and 
(p(TM) C iVM. 

Next, we shall recall the notion of an integral C-parallel submanifold of a Sasakian 
manifold (see, for example, [U]). Let M m be an integral submanifold of a Sasakian 
manifold (N 2n+1 ,ip,^,r/,g). Then M is said to be integral C-parallel if V^B is 
parallel to the characteristic vector field £, where B is the second fundamental form 
of M and \7 ± B is given by 

(V ± S)(X, y, Z) = V X B(Y, Z) - B(V X Y, Z) - B(Y, V X Z) 

for any vector fields X, Y, Z tangent to M, X7 1 - and V being the normal connection 
and the Levi-Civita connection on M, respectively. This means (V ± B)(X, Y, Z) = 
g(cpX,B(Y,Z))(. If we denote S(X,Y,Z) = g(<pX, B(Y, Z)) then 5 is a totally 
symmetric tensor field of type (0, 3) on M. 

In general, a submanifold M of N is called parallel if V^~B = 0. 

The following two results shall be used latter in this paper and, for the sake of 
completeness, we also provide their proofs. 

Proposition 2.1. If the mean curvature vector field H of an integral submanifold 
M n of a Sasakian manifold (N 2n+1 , tj, g) is parallel then M n is minimal. 

Proof. Let X, Y be two vector fields tangent to M. Since 

g(B(X, Y), = g(V x Y, £) = -g(Y, V&) = g(Y, <pX) = 

we have B(X, Y) G (p(TM) and, in particular, H £ (p(TM). Then 

g(V x H, = g(V x H, £) = -g(H, V x = g(H, <pX). 

Thus, if X7^~H = it follows that g(H,tpX) = for any vector field X tangent to 
M, and this means H = 0. □ 

Proposition 2.2. Let (N 2n+1 ,ip,^,r],g) be a Sasakian manifold and M n be an 
integral C-parallel submanifold with mean curvature vector field H . The following 
hold: 

(1) V^-ff = g(H, ipX)£, for any vector field X tangent to M , i.e. hi is C-parallel; 

(2) A ± H = H; 

(3) the mean curvature \H\ is constant. 

Proof. Consider {Aj}™ =1 to be a local geodesic frame at p £ M. Then we have at p 

{V L B){Xi,Xj,Xj) = V Xi B(Xj,Xj) = g{B{X ji X j ) i i P X i )i 
and, by summing after j = l,n, we obtain S7 X .H = g(H,ipXi)£. 
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Next, as = — tpX, from the Weingarten equation we get = 0, where is 
the shape operator of M corresponding to £, and Vj^£ = = —ipX. Thus 

= - E?=i *MH, - ztMH, tpXi))^ 
= - ET=i Ma(H, <pXi))t + ZtMH, tpX^Xi 

= -Z?=iM9(H,vX i ))Z + H. 
But, since Vx.tpXi = ipV^Xi + f , it results 

Xi^Cff, ^)) = <?(V£ tf, ^) + g(H, cpV^Xi + 

= g(-A H Xi + Vjt t H, tpXi) + g(H, <pB(Xi,Xi)) 

= 0. 

We have just proved that AH = H. 
Finally, we have 

X(\H | 2 ) = 2g(H, V X H) = 2g(H, <pX)g(H, £) = 
for any vector field X tangent to M. Consequently, it follows \H\ = constant. □ 

2.2. Biharmonic submanifolds in § 2n+1 (l). We shall recall first the notion of 
Frenet curve of osculating order r as it is presented, for example, in [27]. Let (M m ,g) 
be a Riemannian manifold and r : I — > M a curve parametrized by arc length, that 
is |r'| = 1. Then T is called a Frenet curve of osculating order r, 1 < r < m, if for 
all s G I its higher order derivatives 

r'( s ) = (v°,r')(s), (v r ,r')( s ), (v^r'X*) 

are linearly independent but 

V(s) = (v°,r')( s ), (v r r')( s ), (vp^rOOO, (v r r ,r')( s ) 

are linearly dependent in T-p^M. Then there exist unique orthonormal vector fields 
Ei , E 2 , . . . , E r along T such that 

V T Ei = k\E 2 , VtE 2 = -KiEx + k 2 E 3 , ...,V T E r = -kv-i-EV-i 

where E\ = T' = T and k\, «V-i are positive functions on /. 

Remark 2.3. A geodesic is a Frenet curve of osculating order 1; a circle is a Frenet 
curve of osculating order 2 with n\ = constant; a helix of order r, r > 3, is a Frenet 
curve of osculating order r with k%, ...,K r -\ constants; a helix of order 3 is simply 
called a helix. 

In |24| Inoguchi proved that there are no proper-biharmonic Legendre curves in 
§ 3 (1) whilst in |20| we found the parametric equations of all proper-biharmonic 
Legendre curves in § 2n+1 (l), n > 2. These curves are given by the following 

Theorem 2.4 Q20J). Let T : I -> (S 2n+1 , tp , £ , 7] , g ), n > 2, be a proper- 
biharmonic Legendre curve parametrized by arc length. Then the parametric equation 
ofT in the Euclidean space (M 2n+2 , (,)), is either 

r(s) = —= cos(v / 2s)ei H — -= sin(V2s)e2 H — i=e% 
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where {e,, 3 r& j}i j=\ are constant unit vectors orthogonal to one another, or 

T(s) = —= cos(yls)ei H — -= sm{As)e2 H — -= cos(-Bs)e3 H — -= sin(Bs)e4, 
v2 y2 y2 y2 

where 

A = VI + «i, -B = VI - «i, «i G (0, 1) 
and {ej}| =1 are constant unit vectors orthogonal to one another, satisfying 

(ei,Je 3 ) = {e u Je A ) = (e 2 ,Je 3 ) = (e 2 ,Je 4 )=Q, A{e 1 ,Je 2 ) + B(e 3 ,Je 4 ) = 0. 

Remark 2.5. We note that if T is a proper-biharmonic Legendre circle, then E 2 _L 
ipT and n > 3. If T is a proper-biharmonic Legendre helix, then go(E 2 ,(pT) = 
—A{e\,Je 2 ) and we have two cases: either E 2 JL and then {e^, Je^\\j =x is 
an orthonormal system in ]R 2n+2 , so n > 3, or go(E 2 ,ipT) 7^ and, in this case, 
go(E 2 , ipT) G (— 1, 1) \ {0}. We also observe that </?T cannot be parallel to When 
go(E 2 ,ipT) ^ and n > 3 the first four vectors (for example) in the canonical 
basis of the Euclidean space M 2n+2 satisfy the conditions of Theorem 12.41 whilst 
for n = 2 we can obtain four vectors {ei, e 2 , e 3 , e 4 } satisfying these conditions in 
the following way. We consider constant unit vectors e\, e 3 and / in M 6 such that 
{e\,e 3 , f,Je\,Je 3 ,J f} is a J'-basis. Then, by a straightforward computation, it 
follows that the vectors e 2 and e 4 have to be given by 

e 2 = T-^Jei + aif + a 2 Jf, e 4 = ±Je 3 , 

where a\ and a 2 are constants such that a 2 + a\ = 1 — ^7 = ^r- As a concrete 
example, we can start with the following vectors in IR 6 : 

ei = (1,0,0,0,0,0), e 3 = (0,0,1,0,0,0), / = (0, 1, 0, 0, 0, 0) 

and obtain 

e 2 = (0, ax, 0, ~, a 2 , 0) , e 4 = (0, 0, 0, 0, 0, 1), 

where a\ + a 2 , = 1 — 

The classification of all proper-biharmonic Legendre curves in a Sasakian space 
form N 2n+1 (c) was given in [2D]. This classification is invariant under an isometry 
^ of N which preserves £ (or, equivalently, ^ is (£>-holomorphic) . 

In order to find higher dimensional proper-biharmonic submanifolds in a Sasakian 
space form we gave the following 

Theorem 2.6 ([20]). Let (N 2n+1 , 92, £, 77, g) 6e a strictly regular Sasakian space form 
with constant (p-sectional curvature c and let i : M ^ N be an m- dimensional 
integral submanifold of N, 1 < m < n. Consider the cylinder 

F :M = I x M -> N, F(t,p) = Mp) = M*)' 

where I = S 1 or I = M and {0t}t e / is t/ie flow of the vector field £. Then F : 
(M,g = dt 2 + i*g) N is an anti-invariant Riemannian immersion, and is proper- 
biharmonic if and only if M is a proper-biharmonic submanifold of N . 



Working with anti-invariant submanifolds rather cylinders, we can state the fol- 
lowing (known) result 
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Proposition 2.7. Let M m+ be an anti-invariant submanifold of the strictly regular 
Sasakian space form N 2n+1 (c), 1 < m < n, invariant under the flow-action of the 
characteristic vector field £. Then M is locally isometric to I x M m , where M m is 
an integral submanifold of N . Moreover, we have 

(1) M is proper-biharmonic if and only if M is proper-biharmonic in N ; 

(2) if m = n, then M is parallel if and only if M is C-parallel; 

(3) if m = n, then M has parallel mean curvature vector field if and only if M 
satisfies X7^~H || £. 

Proof. The restriction of the characteristic vector field £ to M is a Killing 

tangent vector field on M. Since M is anti- invariant, the horizontal distribution 
defined on M is integrable. Let p £ M be an arbitrary point and M a small enough 
integral submanifold of the horizontal distribution on M such that p £ M. Then 
F : I X M — > F(I x M) C M, F(t,p) = (f>t(p), is an isometry. As M is an integral 
submanifold of the horizontal distribution on M, it is an integral submanifold of N. 

The item (1) follows immediately from Theorem 12. 6} and (2) and (3) are known 
and can be checked by straightforward computations. □ 

As a surface in a strictly regular Sasakian space form which is invariant under the 
flow-action of the characteristic vector field is also anti-invariant, we have 

Corollary 2.8. Let M 2 be a surface of N 2n+1 (c) invariant under the flow-action 
of the characteristic vector field £. Then M is locally isometric to L x T, where T 
is a Legendre curve in N and, moreover, it is proper-biharmonic if and only ifT is 
proper-biharmonic in N . 

Now, consider M 2 a surface of N 2n+1 (c) invariant under the flow-action of the 
characteristic vector field £ and let T = T' and E<i be the first two vector fields defined 
by the Frenet equations of the above Legendre curve T. As V|'y at r(F) = —ip{r{F)), 

where is the pull-back connection determined by the Levi-Civita connection on 
N, we can prove 

Proposition 2.9. Let M 2 be a proper-biharmonic surface of N 2n+1 (c) invariant 
under the flow-action of the characteristic vector field ^. Then M has parallel mean 
curvature vector field if and only if c > 1 and <pT \\ E2. 

From Proposition 12.91 it results 

Corollary 2.10. The proper-biharmonic surfaces ofS 2n+1 (l) invariant under the 
flow-action of the characteristic vector field £0 are n °t of parallel mean curvature 
vector field. 

We shall see that we do have examples of maximum dimensional proper-bihar- 
monic anti-invariant submanifolds of § 2n+1 (l), invariant under the flow-action of £o> 
which have parallel mean curvature vector field. 

In [31] the parametric equations of all proper-biharmonic integral surfaces in S 5 (l) 
were obtained. Up to an isometry of S 5 (l) which preserves £oj we have only one 
proper-biharmonic integral surface given by 



The map x induces a proper-biharmonic Riemannian embedding from the 2-dimen- 
sional torus T 2 = M?/A into §> 5 , where A is the lattice generated by the vectors 
(2vr,0) and (0,\/2Y). 
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Remark 2.11. We recall that an isometric immersion x : M — > W l+ of a compact 
manifold is said to be of k-type if its spectral decomposition contains exactly k non- 
zero terms excepting the center of mass xq = Vo i(M) Im x v 9' When xq = 0, the 
submanifold is called mass-symmetric (see p2]). It was proved in [81 [9] that, in 
general, a proper-biharmonic compact constant mean curvature submanifold M m 
of S n is either a 1-type submanifold of R n+1 with center of mass of norm equal to 
or is a mass-symmetric 2-type submanifold of R n+1 . Now, using Theorem 3.5 

in [3], where all mass-symmetric 2-type integral surfaces in S 5 (l) were determined, 
and Proposition 4.1 in |llj . the result in [31] can be (partially) reobtained. 

Further, we consider the cylinder over x and we recover the result in pQ: up to 
an isometry which preserves £o> we have only one 3-dimensional proper-biharmonic 
anti- invariant submanifold of S 5 (l) invariant under the flow- action of £o, 

y(t,u,v) = exp(—it)x(u,v). 

The map y is a proper-biharmonic Riemannian immersion with parallel mean cur- 
vature vector field and induces a proper-biharmonic Riemannian immersion from 
the 3-dimensional torus 7~ 3 = M 3 /A into S 5 , where A is the lattice generated by the 
vectors (2-7r,0, 0), (0,2-7r,0) and (0,0,-^^)- Moreover, a closer look shows that y 
factorizes to a proper-biharmonic Riemannian embedding in S 5 and its image is the 
Riemannian product between three Euclidean circles, one of radius and each of 

the other two of radius ^. Indeed, we may consider the orthogonal transformation 
of M 3 given by 

T(t,u,v) = (—j=-,—j=-,v)=(t',u',v') 
and the map y becomes 

yi(t', u', v') = ^(exp(iv / 2t')> iexp(iv / 2ti / ) sin(v / 2w / ), iexp(iv / 2u) cos(v / 2v'))- 
v2 

Then, acting with an appropriate holomorphic isometry of C 4 , y\ becomes 

y 2 (t', u, v) = (-i= exp(iV2t'), ^ exp(i(u - v')), ^ exp(i(u + v')fj 

and, further, an obvious orthogonal transformation of the domain leads to the desired 
results. 



3. BlHARMONIC INTEGRAL SUBMANIFOLDS OF MAXIMUM DIMENSION IN 

SASAKIAN SPACE FORMS 

Let (N 2n+1 ,ip,^,rj,g) be a Sasakian space form with constant 93-sectional curva- 
ture c, and and M n be an ra-dimensional integral submanifold of N. We shall denote 
by B, A and H the second fundamental form of M in N, the shape operator and 
the mean curvature vector field, respectively. By V 1 - and A 1 - we shall denote the 
connection and the Laplacian in the normal bundle. We have 

Theorem 3.1. The integral submanifold i : M n — > N 2n+l is biharmonic if and only 
if 

j A^H + trace B{-,A H -) - ^("+3)+3»-3 g = Q 
^'^ |4traceA v ± ff (-) +ngrad(|F| 2 ) = 0. 
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Proof. Let us denote by V^, V the Levi-Civita connections on N and M, respec- 
tively. Consider {X;}" =1 to be a local geodesic frame at p G M. Then, since 
r(i) = nH, we have at p 

r 2 (i) = -Ar(i) - trace ^(di.r^di 

(3.2) 

= n{TJU ^x^xH ~ £?=i R N (Xi, H) Xi }. 
We recall the Weingarten equation, around p, 

V% i H = V Xi H-A H (X i ) 
and, using the Weingarten and Gauss equations, 

V^V^ff = V^V^tf - A v x H (X,) - V^pq) - B(Xi,A H (Xi)). 

Thus, at p, one obtains 

-^Ar(i) =Er=iVfV^i7 

(3.3) 

= -A ± H - trace B(-,A H -) - trace A V ± H (-) - trace Vi//(-, •). 
The next step is to compute trace VA#(-, •)• We obtain at p 
trace VA H (-,-) = £? =1 V^^W) = £• j=1 Vx^A^),^)^) 

= £L=i^0M^),^))^ 
= E-,=i^(5(£(^^),tf))^ 
= E-^i^^v^.^,^))^ 

= £"j=i{s(vf.vf .X;, #) + ff (v^^, v£ 

= £L=is(v£vf .jq,^ + Er j -=i5(s(x 3 -,x i ), v^fr)^- 

= E.%i»(vJv^x i ,^- + E? J -=i^ v x 

= £• 1= i<?(V x VfX^X, + trace A v x H (-). 

Further, using the expression of the curvature tensor field R N , we have 
(3.4) 

trace VAh(v) = E?j=i s(V% ; V£X, + i^pQ, X,)X + V^JQ, H)X j 
+ trace A v ± H (-) 

= E^i^V^iT)^ + E" j= i g(R N (Xi,Xj)Xi, H)Xj 
+ trace A v ± 
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But 
(3.5) 

YJl ]=1 g{v N x v N x x u H)x 3 = Y:-, j=1 9(nB(x t ,x l ),H)x, 

+ I% j =i9(yx j Vx i X i ,H)X j 
= nY, n j=l 9^x j H,H)X j 

+ El j= i g(V Xj V Xi X t + B{Xj,V Xi Xi), H)X j 
= §grad(|tf| 2 ) 

Y:t 3=1 g{R N {x l ,x 3 )x i ,H)x j = zt J =i9(R N (Xi,H)x i ,x J )x j 



and 
(3.6) 



= (trace R N (di, H)di) T . 
Replacing f)3.5j) and (|3.6p into (13.4ft . we have 



trace VA H (-,-) = ^ grad(|F| 2 ) + (trace R N (di, H)di) T + trace A^± H (-) 
and therefore 

trace A^±_ H (-) + trace VA H (-, •) = 2 trace A v ±_ H (-) + § grad(|#| 2 ) 

(3.7) 

+(trace R N (di, H)di) T . 

Now, let {Xi}^ =1 be a local orthonormal frame on M. Then {Xi, (fXj, C}",-=i is a 
local orthonormal frame on iV. By using the expression of the curvature tensor field 
and H E span{(^Xj : i = l,n} one obtains, after a straightforward computation, 

R N (X h H)Xi = + ¥^H g (<pH, Xi)<pXi. 



Hence 



(3.8) 



trace R N (di,H)di = J2i=i RN ( x h H ) x i 



(c+3)n _ 3(c-l) 



c(n+3)+3n— 3 



which implies (trace R N (di, H)di) T = 0. 
Prom (J32]), (|3l3]), ([321) and (JIISD we have 



±r 2 (i) = - A ± H- trace B(-, A H -) + C -^±^H 



-2traceA v x H (0 - f grad(|H| 2 ), 



and we come to the conclusion. □ 

Corollary 3.2. Let N 2n+1 (c) be a Sasakian space form with constant tp-sectional 
curvature c < 3 T ^ | 3 g . Then an integral submanifold M n with constant mean curvature 
\H\ in N 2n+1 (c) is biharmonic if and only if it is minimal. 
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Proof. Assume that M n is a biharmonic integral submanifold with constant mean 
curvature \H\ in N 2n+l (c). It follows, from Theorem 13,11 that 

g(A^H, H) = - 5 (trace B(; A H -), H) + ^+3)+3n-3 |g|2 

= c(ra+3) 4 +3 "' 3 |^| 2 - E"=i 9(B(X U A H XA, H) 
= c( " +3) 4 +3n ' 3 |ff| 2 - £-=i g(A H X t ,A H X t ) 

_ c(n+3)+3n-3 |^|2 _ |^|2 

Thus, from the Weitzenbock formula 

±A\H\ 2 = g(A ± H,H)-\V ± H\ 2 , 

one obtains 

(3.9) c(n + 3) + 3n-3 |g|2 _ _ = Q 

If c < relation (j3Uj) is equivalent to iT = 0. Now, assume that c = As 

for integral submanifolds V^H = is equivalent to H = 0, again (|3.9p is equivalent 
to # = 0. □ 

Corollary 3.3. Let N 2n+1 (c) be a Sasakian space form with constant ip-sectional 
curvature c < ■ Then a compact integral submanifold M n is biharmonic if and 
only if it is minimal. 

Proof. Assume that M n is a biharmonic compact integral submanifold. As in the 
proof of Corollary [3J2] we have g(A ± H, H) = c(n+3) 4 +3 "~ 3 |ff | 2 - \A H \ 2 and so 
A|//| 2 < 0, which implies that \H\ 2 = constant. Therefore we obtain that M is 
minimal in this case too. □ 

Remark 3.4. Prom Corollary 13.21 and Corollary 13.31 it is easy to see that in a 
Sasakian space form A^ 2n+1 (c) with constant (^-sectional curvature c < —3 a bihar- 
monic compact integral submanifold, or a biharmonic integral submanifold M n with 
constant mean curvature, is minimal whatever the dimension of N is. 

Proposition 3.5. Let N 2n+1 (c) be a Sasakian space form and i : M n — > N 2n+l be 
an integral C -parallel submanifold. Then (r2(i)) T = 0. 

Proof. Indeed, from Proposition 12.21 we have \H\ = constant and V^H || £, which 
implies that A^± H = 0, for any vector field X tangent to M, since A^ = 0, and so 
we conclude. □ 

Proposition 3.6. A non-minimal integral C -parallel submanifold M n of a Sasakian 
space form N 2n+1 (c) is proper-biharmonic if and only if c > 7 ~+3 an< ^ 

„, . , c(n + 3) + 3n — 7 TT 
trace B(-,A H -) = '— H. 

Proof. We know, from Proposition 12.21 that A^H = H. Hence, from Theorem 13.11 
and the above Proposition, it follows that M n is biharmonic if and only if 

„, . . c(n + 3) + 3n-7 
trace B(-,A H -) = — —. H. 
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Next, if M n verifies the above condition, we contract with H and get 

\Ah\ 2 



c(n + 3) + 3n - 7. , 2 



Since Ah and H do not vanish it follows that c > 



7-3n 
n+3 • 



□ 



Now, let {Xi}f =1 be an arbitrary orthonormal local frame field on the integral 
C-parallel submanifold M n of a Sasakian space form N 2n+1 (c), a nd let Ai = A^ Xi , 
i = l,n, be the corresponding shape operators. Then, from Proposition 13.61 we 
obtain 

Proposition 3.7. A non-minimal integral C -parallel submanifold M n of a Sasakian 



space form jV 2n+1 (c) , c > 
/ g(A!,Ai) g(A 1 ,A 2 ) 

g(A 2 ,A 1 ) g(A 2 ,A 2 ) 



\ giA^Ax) g(A n ,A 2 ) 

i , c(n+3)+3n-7 

where k = — '-. . 



7-3n 
n+3 



is proper-biharmonic if and only if 



g(Ax, An) \ 

g{A 2 ,A n ) 



( trace A\ \ 
trace A 2 



( trace A\ \ 
trace A 2 



g(A n ,A n ) J y traced, J \ traced, J 



4. 3-dimensional biharmonic integral c-parallel submanifolds of a 

Sasakian space form N 7 (c) 

In |6j Baikoussis, Blair and Koufogiorgios classified the 3-dimensional integral C- 
parallel submanifolds in a Sasakian space form (iV 7 (c), <p, rj, g). In order to obtain 
the classification, they worked with a special local orthonormal basis (see also |15j). 
Here we shall briefly recall how this basis is constructed. 

Let i : M 3 — > N'(c) be an integral submanifold of non-zero constant mean cur- 
vature. Let p be an arbitrary point of M, and consider the function f p : U p M — > M 
given by 

f P ( u ) = g(B{u,u),ipu), 
where U p M = {u£ T p M : g(u, u) = 1} is the unit sphere in the tangent space T p M. 
If f p (u) = 0, for all u G U p M, then, for any v%, v 2 G U p M such that g(v\,v 2 ) = we 
have that 



0. 



g(B(vi,vi),<pvi) = 0, g(B{vt,vi),ipv 2 ) = 0, g(B(vi,v 2 ),<pvi] 

Now, if {X±, X 2 , X%} is an arbitrary orthonormal basis at p, it follows that trace A^Xi 
= 0, for any i = 1,3, and therefore H(p) = 0. Consequently, the function f p does 
not vanish identically. 

Since U p M is compact, f p attains an absolute maximum at a unit vector X\. It 
follows that 

f 5 (B(Xi, > 0, giBVCuX^ipXi) > \g(B(w,w),ipw)\ 
\g(B(X 1 ,Xi),<pw) = 0, g(B(X 1 ,X 1 ),<pX 1 )>2g(B(w,w),<pX 1 ), 

where w is & unit vector tangent to M at p and orthogonal to X\ . It is easy to see that 
X\ is an eigenvector of A\ = A v x± with corresponding eigenvalue Ai. Then, since 
A\ is symmetric, we consider X 2 and X% to be unit eigenvectors of A\ orthogonal 
to each other and to X\. Further, we distinguish two cases. 
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If A2 7^ A3, we can choose X 2 and X 3 such that 

(g(B(X 2 ,X 2 ),ipX 2 )>0, g(B(X 3 ,X 3 ),ipX 3 )>0 
\g{B(X 2 ,X 2 ),<pX 2 ) > g(B(X 3 ,X 3 ), V X 3 ). 

If A2 = A3, we consider f% >p the restriction of f p to {w 6 U p M : g(w,Xi) = 0}, 
and we have two subcases: 

(1) the function fi p is identically zero. In this case, we have 

[g{B{X 2 ,X 2 ), v X 2 ) = 0, g(B(X 2 ,X 2 ),ipX 3 ) = 
\g(B(X 2 ,X 3 ), V X 3 ) = 0, g(B(X 3 ,X 3 ), V X 3 ) = 0. 

(2) the function fi >p does not vanish identically. Then we choose X 2 such that 
fi,p(X 2 ) is an absolute maximum. We have that 

{g(B(X 2 ,X 3 ),<pX 2 )>0, g (B(X 2 ,X 2 ),vX 2 )>g(B(X 3 ,X 3 ),ipX 3 )>0 
\g(B{X 2 ,X 2 ),<pX 3 ) = 0, g(B(X 2 ,X 2 ), V X 2 ) > 2g(B(X 3 , X 3 ), yX 2 ). 

Now, with respect to the orthonormal basis {Xi,X 2 ,X 3 }, the shape operators Ai, 
A 2 = A ip x 2 an d ^3 = A v x 3 1 a t Pi can be written as follows 



(4.1) A l =\ A 2 , A 2 = A 2 q p , A 



Ai 











A 2 











A3 










A3 





p 


7 


A3 


1 


8 



We also have Aq = A^ = 0. With these notations we have 

(4.2) Ai > 0, Ai>|a|, Ai>|5|, Ai > 2A 2 , Ai > 2A 3 . 
For A 2 ^ A3 we get 

(4.3) a > 0, 5 > and a > 6 
and for A 2 = A3 we obtain that 

(4.4) Q = /3 = 7 = 5 = 
or 

(4.5) a > 0, 5 > 0, a > J, /3 = and a > 2 7 . 

We can extend X\ on a neighbourhood V p ofp such that ^i(<?) is a maximal point 
of f q : U q M — > R, for any point q of V p . 

If the eigenvalues of A\ have constant multiplicities, then the above basis {X%, X 2 , 
X 3 }, defined at p, can be smoothly extended and we can work on the open dense 
subset of M defined by this property. 

Using this basis, in [6], the authors proved that, when M is an integral C-parallel 
submanifold, the functions Aj, i = 1,3, and a, /3, 7, 5 are constant on V p , and 
then classified all 3-dimensional integral C-parallel submanifolds in a 7-dimensional 
Sasakian space form. 

According to that classification, if c > —3 then M is a non-minimal integral 
C-parallel submanifold if and only if either: 

Case I. M is flat, locally it is a product of three curves, which are helices of 

^2 c+3 

osculating orders r < 4, and Ai = — y^— , A 2 = A3 = A = constant 7^ 0, a = 
constant, j3 = 0, 7 = constant, 5 = constant, such that — ^ c 2 +3 <A<0, < a < Ai, 



a > 27, a > S > 0, + A 2 + 07 - Y = and + (a + 7 ) 2 + 5 2 > 0. 



3A 



2 

2 c+3 \ 2 
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Case II. M is locally isometric to a product T x M 2 , where T is a curve and M 2 is 
a C-parallel surface, and either 

(1) Ax = 2A 2 = *gf, A 3 = -^gg, a = 7 = o = 0, /? = ±^§^. In this case 
T is a helix in TV" with curvatures Ki = -4= and k 2 = 1, and M 2 is locally 

isometric to the 2-dimensional Euclidean sphere of radius p = 3^+3) ■ 
or 

\2_£+3 

(2) Ai = — t-^— , A2 = A3 = A = constant, a = /3 = 7 = 0~ = O, such that 
— v/< 2 +3 < A < and A 2 7^ In this case T is a helix in N with curvatures 
k\ = Ai and ac 2 = 1, and M 2 is the 2-dimensional Euclidean sphere of radius 

Now, identifying the shape operators Ai with the corresponding matrices, from 
Proposition 13.71 we get 

Proposition 4.1. A non-minimal integral C-parallel submanifold M 3 of a Sasakian 
space form N 7 (c), c > — ^, is proper-biharmonic if and only if 

trace ii \ 3c + 1 / * race ^ l 

(4.6) [ ^J^i I I traced =— traced 

i=\ J \ tracers / V traced 

where matrices Ai are given by (|4.ip . 
Now, we can state 

Theorem 4.2. A 3- dimensional integral C-parallel submanifold M 3 of a Sasakian 
space form N'(c) is proper-biharmonic if and only if either 

(1) c > — I and M 3 is flat and locally is a product of three curves: 

\2 c+3 

• The X\-curve is a helix with curvatures K\ = — and k 2 = 1, 

• The X2-curve is a helix of order 4 with curvatures K\ = V A 2 + a 2 , 
k 2 = ^VWTl and k 3 = - x ^ Z + i , 

• The X^-curve is a helix of order 4 with curvatures K\ = \/A 2 + 7 2 + 5 2 , 
K2 = Jj- \/X 2 + 7 2 + 1 and K3 = K2 V^ +ry -, if 5 7^ 0, or a circle with 

curvature k\ = a/A 2 + 7 2 ; if 5 = 0, 
where A, a, 7, 5 are constants given by 

(3A 2 - £±2) ( 3A 4 - 2(c + 1)A 2 + ^±f-) + A 4 ((a + 7 ) 2 + 5 2 ) = 




(4.7) 



16 

(a + 7)(5A 2 +a 2 + 7 2 - Z ^) + 7^ 2 = 
5(5X 2 +S 2 + 3 7 2 + q 7 - Z^§) = 
-±3 + A 2 + a 7 - 7 2 = 



\2 c+3 

such that -^jr^- <A<0, < a < — j-^-, a > 5 > 0, a > 27 and 

\2 / c+3 . 
or 

(2) M 3 is locally isometric to a product T x M 2 , between a curve and a C-parallel 
surface of N , and either: 

(a) c = |, r is a helix in A r7 (|) with curvatures k± = ^= and k 2 = 1, 
and M 2 is locally isometric to the 2-dimensional Euclidean sphere with 
radius 
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or 
(b) cG 

^2 e+3 



7+8^ 

13 



, +oo^ \ {1}, r is a helix in N 7 (c) with curvatures K\ 



A 



and K2 = 1, and M 2 is locally isometric to the 2- dimensional 



(4.8) 



Euclidean sphere with radius 

( 4c+4±Vl3c 2 +14c-ll 
\2 _ J 12 

| 4c+4-Vl3c 2 +14c-ll 



V4A 2 +c+3 



, where 



12 



if 
if 



c< 1 
c> 1 



and A < 0. 



Proof. Let M 3 be a proper-biharmonic integral C-parallel submanifold of a Sasakian 
space form N 7 (c). From Proposition 14.11 we see that c > — g. 



Next, we easily get that the equation (|4,6p is equivalent to the system 



(4.9) 



(EtiAiXEtiAf 



3c+l 



) + (a + 7)(aA 2 + 7A3) 



3c+l - 

2 - 



+(/3 + <5)(/3A 2 + 5A 3 ) = 

(ELi A *X« a 2 + 7A3) + (a + 7)(2A| + a 2 + 3/3 2 + 7 2 + (35 
+ 7 (/3 + 5) 2 = 

(EiiA i )(/3A 2 +5A 3 )+/3(a + 7 ) 2 
[+(/3 + «5)(2A 2 + S 2 + 3 7 2 + /3 2 + a 7 - ^1) = 0. 

In the following, we shall split the study of this system, as M 3 is given by Case 
I or Case II of the classification. 

Case I. The system (|4.9p is equivalent to the system given by the first three equa- 
tions of (|4.7p . Now, M is not minimal if and only if at least one of the components 
of the mean curvature vector field H does not vanish and, from the first equation 
of (I4.7p . it follows that A 2 must be different from Thus, again using [6] for 

the expressions of the curvatures of the three curves, we obtain the first case of the 
Theorem. 
Case II. 

(1) The first and the third equation of (|4.9p are equivalent, in this case, to c = | 
and the second equation is identically satisfied. Then, from the classification 
of the integral C-parallel submanifolds, we get the first part of the second 
case of the Theorem. 

(2) The second and the third equation of system (14. 9p are satisfied, in this case, 
and the first equation is equivalent to 

(c + 3) 2 



3A 4 -2(c + l)A^ + 



16 



0. 



This equation has solutions if and only if 



c e 



00, 



-7-8V3 
13 



U 



-7 + 8 ^3 
13 



+00 



and these solutions are given by 

42 4c + 4 ± Vl3c 2 + 14c 
A^ = 



11 



Since c > — h it follows that c G 



12 

13 ' 



Moreover, if c = 1, from 



the above relation, it follows that A 2 must be equal to 1 or j, which is a 

^ ,+00) \ {1}. Further, it is easy to 



contradiction, and therefore c G 
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check that A 2 = 4c+4+Vi3^+i4 ^ii < c±3 if and Qnly if c £ [ -nW^ and 



12 ^4 

13 



A 2 = Ac+iWT^mEE < c+3 if and Qnly if c € z^l )+00 ^ 



□ 



5. Proper-biharmonic submanifolds in the 7-sphere 



In this section we shall work with the standard model for simply connected 
Sasakian space forms N 7 (c) with c > —3, which is the sphere § 7 endowed with 
its canonical Sasakian structure or with the deformed Sasakian structure introduced 
by Tanno. 

In [6] the authors obtained the explicit equation of the 3-dimensional integral 
C-parallel flat submanifolds in § 7 (1), whilst in [22] we gave the explicit equation of 
such submanifolds in § 7 (c), c > — 3. 

Using these results and Theorem 14.21 we easily get 

Theorem 5.1. A 3-dimensional integral C-parallel submanifold M 3 o/S 7 (c), c = 
| — 3 > — 3, is proper-biharmonic if and only if either 

(1) c > — i and M 3 is flat, locally is a product of three curves and its position 
vector in C 4 is 

x(u, v, w) = x exp(i(^u))£i + -j= — i= = exp(-i(An - (7 - a)v))S 2 

H — 7 — = — r exp(-i(An + + piw))£ 3 
H — 7 — = — r exp(-i(An + 7V - P2w))£i, 



where px,2 = ^ (V '47(27 — a) + 5 2 ± 5) and A, a, 7,0" are real constants given 

1 

by K7\ suc/i i/iai <A<0, < a < — jj-"-, a > o" > 0, a > 27, 

A 2 7^ 3- and {£j} 4 =1 is an orthonormal basis of C 4 u>i£/i respect to the usual 

Hermitian inner product; 

or 

(2) M 3 is locally isometric to a product T x M 2 , between a curve and a C-parallel 
surface of N, and either: 

(a) c = |, r is a helix in § 7 ^§^ with curvatures k\ = and K2 = 1, 



and M 2 is locally isometric to the 2- dimensional Euclidean sphere with 



radius 
or 



(b) c G 7 ^g v/3 , +00^ \ {1} ; r is a helix in S 7 (c) with curvatures K\ 



\2_£+3 



A 



and K2 = 1, and M is locally isometric to the 2-dimensional 

Euclidean sphere with radius , ? , where 
* V4A 2 +c+3' 

= { 4 ^ 4 -v^^TT if C >1 ^ A< °- 

Now, applying this Theorem in the case of the 7-sphere endowed with its canonical 
Sasakian structure we get the following Corollary, which also shows that, for c = 1, 
the system (|4.7p can be completely solved. 
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Corollary 5.2. A 3- dimensional integral C-parallel submanifold M 3 of S 7 (l) is 
proper-biharmonic if and only if it is flat, locally it is a product of three curves 
and its position vector in C 4 is 

x(u,v,w) = -^exp(-i\/5w)5i + ^exp(i(-±g« - ^=v))£ 2 

+75 ex P( i (^ + ^-¥-)K3 

+^exp(i(^ + ^ + #^ 4 , 

where {£i}f =1 is an orthonormal basis o/C 4 with respect to the usual Hermitian inner 
product. Moreover, the X\{= x u )-curve is a helix with curvatures K\ = 4 -^p and 



K2 = 1, the X 2 {= x v )-curve is a helix of order 4 with curvatures k,\ = &2 ~ 9v ^ 



5 

and K3 = -^7= and the X%(= x w )-curve is a helix of order A with curvatures K\ = 

Proof. Since c = 1 the system (I4.7j) becomes 

f (3A 2 - 1) 2 (A 2 - 1) + A 4 ((a + 7 ) 2 + S 2 ) = 
(a + 7 )(5A 2 + a 2 + 7 2 - 3) + 7<5 2 = 
5(5X 2 + 5 2 + 3 7 2 + a 7 - 3) = 
t A 2 + 07 - 7 2 + 1 = 

with the supplementary conditions 

A 2 — 1 1 
(5.2) -1<A<0, 0<a< — - — , a > 5 > 0, a > 2 7 and A 2 /-. 

A 3 



(5.1) 



We note that, since a > 27, from the fourth equation of (|5.ip it results that 7 < 0. 

The third equation of system (|5.ip suggests that, in order to solve this system, 
we need to split our study in two cases as 5 is equal to or not. 
Case 1: 5 = 0. In this case the third equation holds whatever the values of A, a and 
7 are, and so does the condition a > 5. We also note that a 7^ —7, since otherwise, 
from the first equation, it results A 2 = 1 or A 2 = ^, which are both contradictions. 

In the following, we shall look for a of the form a = ojj, where uj S (—00, 0)\{ — 1}. 
Prom the second and the fourth equations of the system we have A 2 = ~^~^^^) 

^ 2 = (u-2) 8 (u-3) anc ^ then a 2 = ( 1J _2)( C j_3) ■ Replacing in the first equation, after a 
straightforward computation, it can be written as 

8(0; + 1) 3 (1 -3a;) 
(w - 3) 3 (w - 2) 

and its solutions are —1 and jr. But ui G (—00, 0) \ { — 1} and therefore we conclude 



that there are no solutions of the system that verify all conditions (15, 2p when 5 = 0. 
Case 2: 5 > 0. In this case the third equation of (|5.1j) becomes 



5A 2 + 5 2 + 37 2 + 07 - 3 = 0. 
Now, again taking a = ujj, this time with uj £ (—00, 0), from the last three equations 

of the system, we easily get A 2 = - { ^-% > a " = fr-ife(L-2) » ^ = (^1^-2) 
K^+1) 2 



and 5 2 - 
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Next, from the first equation of (|5.ip . after a straightforward computation, one 
obtains 

16(^ + l) 3 (^ + 3) 
(w-2)(u>-l) 3 ~ ' 

which solutions are —3 and —1. If = — 1 it follows that A 2 = |, which is a 
contradiction, and therefore we obtain that uj = —3. Hence 

* 2 4 ° 2 ^- ^ - d {2 - 2 - 

As A < 0, a > 0, 7 < and (5 > it results that A = -^=, a = 7 = -7= 

and 5 = y/2. It can be easily seen that also the conditions (|5.2j) are verified by these 
values, and then, by the meaning of the first statement of Theorem 15. 1\ we come to 
the conclusion. □ 

Remark 5.3. A proper-biharmonic compact submanifold M of S n of constant mean 
curvature \H\ £ (0, 1) is of 2-type and mass-symmetric (see [H[9]). In our case, the 
Riemannian immersion x can be written as x = x\ + x 2 , where 

xi(u,v,w) = -^=exp(i(-^=u + -^=v + ^w))£ 4 , 
x 2 (u, v, w) = exp(-iV5u)£i + exp(i(-^u - ^v))£ 2 

and Ax 1 = 3(1 - \H\)xi = x lt Ax 2 = 3(1 + \H\)x 2 = 5x 2 , \H\ = §. Now, Corol- 
lary 15.21 could also be proved by using the main result in [5] and Proposition 4.1 
in fTTJ. 



Remark 5.4. By a straightforward computation we can deduce that the map x fac- 
torizes to a map from the torus T 3 = M 3 /A into R 8 , where A is the lattice generated 
by the vectors 01 = (^, ^), a 2 = (0, -^=) and a 3 = (0,0, and 

the quotient map is a Riemannian immersion. 

By the meaning of Theorem 12.61 we know that the cylinder over x, given by 

y(t, u, v, w) = <j) t (x(u, v, w)), 
is a proper-biharmonic map into § 7 (1). Moreover, we have 

Proposition 5.5. The cylinder over x determines a proper-biharmonic Riemannian 
embedding from the torus T 4 = M 4 /A into S 7 , where the lattice A is generated by 
ai = (75,0,0,0) a 2 = (0,^,0,0), a 3 = (0,0,^,0) and a 4 = (0,0,0,^). The 
image of this embedding is the Riemannian product between a Euclidean circle of 
radius 4g and three other Euclidean circles, each of radius A= . 

Proof. As the flow of the characteristic vector field £ is given by 4>t{z) = exp(— \t)z 
we get 

y(t, u, v, w) = exp(-i(i + VEu))£i + ^ exp(i(-t + -±u - ^=v))£ 2 

+7E-MK-t + j E u + ^v-^ W ))£ 3 
+73 e MK~t + + v + ^w))£ 4 , 
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where {£j} 4 =1 is an orthonormal basis of C 4 with respect to the usual Hermitian 
inner product. 

Now, we consider the following two orthogonal transformations of M 4 : 



-Lt - -4=u - ^Lv -\w = w' 



t' 

and 



w' = w 



and obtain 

y(t,u,v,w) = -^=exp(-i(\/67))£i + -±= exp(i(\/6u))<5 2 + ^= exp(i(y/Ev))£ 3 

which ends the proof. □ 

Remark 5.6. We see that y can be written as y = y\ + y%, where yi(t,u,v,w) = 
exp(— it)xi, y2(t,u,v,w) = exp(— it)x2, and Ayi = 2yi, Ay2 = 67/2, the mean curva- 
ture of y being equal to \. 

Remark 5.7. It is known that the parallel flat (n + l)-dimensional compact anti- 
invariant submanifolds in § 2n+1 (l) are Riemannian products of circles of radii r%, 

n+l J2 



i = l,n + 1, where Ya=i r l = ^ ( see 1.33 J. The biharmonicity of such submanifolds 
was solved in 



6. Proper-biharmonic parallel Lagrangian submanifolds of CP 3 

We consider the Hopf fibration vr : § 2n+1 (l) -)• CP n (4), and M a La grangian 
submanifold of CP n . Then M = tt (M) is an (n + l)-dimensional anti-invariant 
submanifold of § 2n+1 _in variant under the flow-action of the characteristic vector 
field £0 and, locally, M is isometric to S 1 x M n . The submanifold M is a paral- 
lel Lagrangian submanifold if and only if M is an integral C-parallel submanifold 
(see [27]), and it was proved in [18] that a parallel Lagrangian submanifold M is 
biharmonic if and only if M is (— 4)-biharmonic. 

We recall here that a map ip : (M, g) — > (N, h) is (—4) -biharmonic if it is a critical 
point of the (— 4)-bienergy E2(ip) — <iE(ip), i.e. ip verifies T2(ip) + 4r(V>) = 0. Also, 
a real submanifold M of CP n is called Lagrangian if it has dimension n and the 
complex structure J of CP™ maps the tangent space to M onto the normal one. 

Thus, in order to determine all proper-biharmonic parallel Lagrangian submani- 
folds of CP 3 , we shall determine the (—4) -biharmonic integral C-parallel submani- 
folds of S 7 (l). 

Just as in the case of Theorem 13.11 we obtain 

Theorem 6.1. The integral submanifold i : M 3 — > S 7 (l) is (—A) -biharmonic if and 
only if 

( A ± H + trace B(-, A H -) -7H = 
|4trace A v ± #(■) + 3 grad(|#| 2 ) = 0. 

Therefore it follows 

Proposition 6.2. A non-minimal integral C-parallel submanifold M 3 of S 7 (l 
(—4) -biharmonic if and only if 

(6.1) trace B(-, A H -) = 6H. 
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Now, we can state 



Theorem 6.3. A 3 -dimensional integral C -parallel submanij 'old M 3 o/S 7 (l) is (— 4)- 
biharmonic if and only if either 

(1) M 3 is flat and locally is a product of three curves: 

• The Xi-curve is a helix with curvatures k\ = A T 1 and k 2 = 1, 



The X2-curve is a helix of order 4 with curvatures k± 



01 



K-2 



-^VA^TT and k 3 



• The X^-curve is a helix of order 4 with curvatures k% = a/ A 2 + 7 2 + <5 2 ; 
^VA 2 +7 2 + l and K3 = 



«2 

curvature K\ = a/A 2 + 7 2 , if 5 = 0, 
where A, a, 7, <5 are constants given by 



-, if 8 ^ 0, or a circle with 



(6.2) 



f (3A 2 - 1)(3A 4 - 8A 2 + 1) + A 4 ((a + 7 ) 2 + 5 2 ) 
(a + 7 )(5A 2 + a 2 + 7 2 - 7) + 7 5 2 = 
5{b\ 2 + 8 2 + 3 7 2 + a 7 - 7) = 

k 1 + A 2 + 07 - 7 2 = 



such that 
or 



■l<A<0,0<a< 



A 2 -l 



, a > 5 > 0, a > 27 and A 2 / 



1 . 

3 • 



(2) M 3 is locally isometric to a product F x M 2 , between a helix with curvatures 
and K2 = 1, and a C-parallel surface o/S 7 (l) ; which is locally 



Kl 



13-1 



^12-3^ 



isometric to the 2 -dimensional Euclidean sphere with radius 



7-V13 



(6.3) 



Proof. It is easy to see that the equation (|6.1|) is equivalent to the system 

' (ELi A t )(ELi A 2 - 6) + (a + 7 )(aA 2 + 7A3) 
+(/3 + <5)(/3A 2 +5A 3 ) = 

(ELi Ai)(aA 2 + 7A3) + (a + 7 )(2A 2 + a 2 + 3/3 2 + 7 2 + (35 - 6) 
+7(/3 + 5) 2 = 

(ELAi)(/3A 2 + <5A 3 ) + /3(a + 7) 2 
l+(/3 + 5)(2A 2 + 5 2 + 3 7 2 + /3 2 + a 7 - 6) = 0. 

In the same way as for the study of biharmonicity, we shall split the study of this 
system, as M 3 is given by Case I or Case II of the classification. 
Case I. The system (j6.3|) is equivalent to the system given by the first three equa- 
tions of (|6.2p and, just like in the proof of Theorem 14.21 we conclude. 
Case II. 

(1) It is easy to verify that this case cannot occur in this setting. 

(2) The second and the third equation of system (|6.3p are satisfied and the 
first equation is equivalent to 3 A 4 — 8 A 2 + 1 = 0, which solutions are A 2 = 

— and this, together with the 



4 ±+^. Since A 2 < 1 it follows that A 2 = ^ 
classification of the integral C-submanifolds, lead to the conclusion. 



□ 



Using the explicit equation of the 3-dimensional integral C-parallel flat submani- 
folds in § 7 (1) (see [6]) we obtain 
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Corollary 6.4. Any 3 -dimensional flat {—4)-biharmonic integral C -parallel subman- 
ifold M 3 o/S 7 (l) is given locally by 

x ( u > v > w ) = ex P(i(^))^i + ^ (7 _ Q ) (27 , a) exp(-i(Au - ( 7 - a)v))S 2 

H — r=7= — r exp(-i(Au + -yv + piio))£ 3 

\/Pl(pl+P2) 

H — 7== — f exp(-i(Au + 7V - p2w))£±, 

y/p2(pi+p2) 



where p 1>2 = ^{2>y - a) + 5 2 ± (5), -1 < A < 0, < a < ^1, a > 5 > 0, 
l 

3 ' 



a > 27, A 2 7^ A, i/te top/e (A, a, 7, 5) being one of the following 



'45 + 21^3 6 \ 



5 + 2^/3' V 13 ' V 21 + 11^/3' 



or 



'523 + 139\/l3 /79-17\/l3 / 14 + 2^' 



^ V 6 + ^' V 138 'V 138 ' V 3 J' 

and {£i}f =1 is an orthonormal basis 0/C 4 with respect to the usual Hermitian inner 
product. 

Proof. In order to solve the system (I6.2j) . we first note that, since a > 27, from the 
fourth equation it results 7 < 0. 

The third equation suggests that we need to split our study in two cases as 5 is 
equal to or not. 

Case 1: 5 = 0. In this case the third equation holds whatever the values of A, a 
and 7 are, and so does the condition a > 8. 

If a = —7 we easily obtain that the solution of the system is 



In the following, we shall look for a of the form a = ujj, where oj 6 (—00, 0)\{ — 1}. 
Prom the second and the fourth equations of the system we have A 2 = — (^J2)"(aj-3) 

^ 2 = (u-2)(L-3) an d then a 2 = ^-2)((l-3) . Replacing in the first equation, after a 
straightforward computation, it can be written as 

3w 6 + 16w 5 - 58w 4 - 140w 3 + 531w 2 - 444w + 108 = 0, 

which is equivalent to 

{oj - 2) 2 (3w 4 + 28w 3 + 42oj 2 - 84cj + 27) = 0, 

whose solutions are 2, —3 ± 2y/2> and ^±2vT3 _ From these solutions the only one to 
verify the supplementary conditions is oj = —3 — 2\/3, for which we have 



/ 1 /45 + 21\/3 / 6 

^ = 4 / ~z~~~z 7= 1 « = V 7^ > 7 



5 + 2\/3' V 13 V21 + 11V3' 
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Case 2: 5 > 0. In this case the third equation of (|6.2p becomes 

5A 2 + 5 2 + 37 2 + cry - 7 = 0. 

Now, again taking a = uj'j, this time with oj 6 (— oo, 0), from the last three equations 

of the system, we^easily get A 2 = - ( ^+ 2 2) , a 2 = ( „_ffi ( L_ 2) , 7 2 = (l4 ,_ 1 1 ) ^-2) 

and 5 2 = 12 ^^p . Replacing in the first equation of the system we obtain the 

solutions —2 ± V3 and —4 ± \/l3) from which only uj = —4 — \/l3 verifies the 
supplementary conditions. Therefore, we obtain 



1 /523 + 139^13 

a 



6 + ^/13' V 138 



7 



79-17^/13 p /14 + 2\/l3 



V 138 V 3 

and we conclude. □ 

Remark 6.5. By a straightforward computations we can check that the images 
of the cylinders over the above x are, respectively: the Riemannian product of a 



circle of radius y 1 12 13 and three circles, each of radius y 7+ 3 g 13 ; the Riemannian 
product of two circles each of radius y and two circles each of radius y ; 



the Riemannian product of a circle of radius y 5+ t% anc ^ three circles, each of radius 



[l] 
[2] 



7-V13 
36 ' 
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